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Let us consider the following inequality: for all 0 F a, b F 1, Ž . Ž . Ž .
Ž . Ž . Clearly, if several functions satisfy 1 and 2 , then their supremum also Ž . Ž . satisfies 1 and 2 . One may wonder therefore if there exists a maximal Ž . Ž . function among those for which 1 and 2 hold, and if so, what the maximal function is. This question turns out to be a key to an isoperimetric problem on the discrete cube. As we will see, an appropriate functional isoperimetric inequality contains in a limit case the well-known isoperimetric inequality in w x Gauss space. For x g yϱ, qϱ , set 
Ž .
Ž y1 Ž .. The same statement could be made about arbitrary probability measure on R and its power n for the usual gradient ٌf of locally Lipschitz functions Ž w x. f on the Euclidean space see, for extensions, 1 .
and ٌf x, 1 s ٌf x q f x y f x , one can write
Ž . 
' '
Ž . Ž . The right-hand side of 5 is estimated, according to 3 in the case n s 1, by
In case s ␦ q ␦ , represents the uniform measure on y1, 1 .
Ä 4 n For any set A ; y1, 1 , we define its discrete perimeter by
where denotes indicator function of the set A. Note that, for all x g
Combining Proposition 1 and Lemma 1, we obtain the following statement Ž . note that we do not use the fact that I is maximal in Proposition 1 .
where mathematical expectations are with respect to the uniform measure .
n Ä 4 n Ž . In particular, for any A ; y1, 1 , applying 6 to f s , we have
Ž .
n n Ž . The function I in 6 is optimal as a continuous function not depending on Ž the dimension since it implies the appropriate Gaussian inequalityᎏsee . Ž . Corollary 1 but we do not know how optimal the inequality 7 is. For example, for the sets and proved the inequality 
where ␥ is the canonical Gaussian measure on R , with density y s n n Ž . Ž . Ž .
n y иии y , y s y , . . . , y g R . Note also that 
We have thus proved 6 for Gaussian measure under the above assumptions on f. By a simple approximation argument, this inequality extends to Ž all locally Lipschitz functions which are differentiable almost everywhere by . Rademacher's theorem .
where mathematical expectations are with respect to the Gaussian measure ␥ . In particular, for any Borel measurable set A ; R n , 11 Ž . tion J on 0, 1 satisfies 1 and 2 , then we obtain as above the inequalities Ž .
Ž . 10 and 11 for J instead of I. But for half-spaces A of ␥ -measure p,
In the same way, noting that the function J of 8 is up to a multiplicative constant equivalent to I, one can deduce the inequality
n n Ž . with some universal constant c g 0, 1 from Talagrand's logarithmic inequal-Ž . ity 8 . Another approach to the above inequality, based on hypercontractivŽw x . ity, was suggested by Ledoux 6 , Chapter 8 . It is of course an interesting w Ž . question how to prove this inequality with c s 1 or its functional forms 10
Ž .x and 12 analytically. By semigroup arguments, this was recently performed w x by Bakry and Ledoux 1 . REMARK 3. In the original form, the isoperimetric inequality for Gaussian measure stated that, for any Borel measurable set A ; R n , and h ) 0,
n n Ž . with equality at any half-space . The first proof, due to Sudakov and Tsirel'son w x w x 7 and Borell 3 , was based on the isoperimetric property of balls on the Ž . w x sphere a theorem by Levy and Schmidt . Ehrhard 4 developed a rearrange-Ž n . Ž. ment of sets argument in Gauss space R , ␥ and, as result, obtained 13 .
Ž . Of course, the inequality 11 represents a differential analog of 13 . By Ž . Ž . considering small h ) 0, 11 immediately follows from 13 . Converse implication is also simple: the family of functions,
possesses the property R p s R R p , and operation h ª A pos-
Ž . Ž . Ž . satisfy 13 , then h q h also satisfies 13 . Hence, 13 holds for all h ) 0, if 1 2 Ž . it holds for h ) 0 small enough that is true by 11 .
Ž . w x REMARK 4. With the help of 13 , the inequality 12 was proved in 2 .
n w x More generally, for any Borel measurable function f : R ª 0, 1 and h ) 0, the following holds:
Ž . Ž . Therefore, the functional inequality 10 for the measure ␥ can be written as n Ž . the n q 1 -dimensional isoperimetric inequality
Ž . We are not sure that this argument is quite rigorous enough to derive 10 for Ž . dimension n from 11 with n q 1 on the class of all smooth functions f, but Ž . it shows that the Gaussian isoperimetric inequality 11 is, in essence, Ž . two-dimensional: if it holds for n s 2, then 10 holds as above for n s 1; Ž . therefore, it holds for all n by additivity property of 10 . And, as noted, on Ž . Ž . indicator functions, 10 gives 11 for all dimensions. PROOF OF PROPOSITION that is,
